
.

.

M T : M →M. f : M → R1 − . Tn : M →M f(Tnx).

∫
M

f
def=

1
m

∑
x∈M

f(x), |M | = m.

, , Tm = Id = E − . x0 .
1.

1
m

m∑
l=1

f
(
T l(x0)

)
= lim
l→∞

1
l

l∑
p=1

f
(
T p(x0)

)
=
∫
M

f
def=

1
m

∑
x∈M

f(x) (1)

:
, l > m. k > 0, k ∈ N, l = km+ r(l), 0 ≤ r(l) < m l. (1) :

1
l

∑l
p=1 f

(
T p(x0)

)
= 1

km+r(l)

∑km+r(l)
p=1 f

(
T p(x0)

)
= 1

km+r(l)

[∑km
p=1 f(xp) +∑r(l)

i=1 f(xi)
]

= 1
km+r(l)

[
k
∑m
i=1 f(xi)+

∑r(l)
i=1 f(xi)

]
= k

∑m

i=1
f(xi)

km+r(l) +
∑r(l)

i=1
f(xi)

km+r(l) =

k µ
km+r(l) +

∑r(l)

i=1
f(xi)

km+r(l) = µ k
km+r(l) +

∑r(l)

i=1
f(xi)

km+r(l) = µ 1
m+r(l)/k +

∑r(l)

i=1
f(xi)

km+r(l) →
µ
m

T, u, T = T (x, u), , u U(x). , U = U(x) M ( ) (). U :

1
m

m−1∑
l=0

f
(
T l(x, Ul)

)
=
∫
M

f =
1
m

m−1∑
l=0

f
(
T l(x0,U)

)
= lim

1
m

∞∑
l=0

f
(
T l(x0,U)

)
(∗∗)

m−1∑
l=0

f
(
T (x, Ul)

)
. x = x0 u0 = U(x0) x0 x1 = T (x0, u(x0)), x1 u1 = U(x1) x1

x2 = T (x1, u(x1)). x0, , (**).
, T = t(x, u, v), u(x), v(x) U(x), V (x).

(), u(x), v(x), : - k ≤ m 1
k

∑k
l=1 f

(
T (xl, ulvl)

)
, - .

, m , - u(x), v(x) .
1
m

∑m
l=1 f

(
T (xl, ulvl)

)
=
∫
M

f = 1
m

∑
x∈M f(x) =

= max{U}min{V} 1
m

∑m
l=1 f

(
T (xl, ulvl)

)
=

= min{V}max{U} 1
m

∑m
l=1 f

(
T (xl, ulvl)

)
1



U , V I II m− ( ).
.
k < m .
n .

T , x ∈M n u1(n)...un(x), U1(x)...Un(x),
T = T (x, u1...un) = T (x, u), , ui x ∈M - T M.

M n f1...fn , ui(x) m .
, ,

1
m

m∑
l=1

fi
(
T (xl, ul)

)
=
∫
M

fi =
1
m

∑
x∈M

fi(x)

ul = (ul1, ...u
l
n).

Val{U1}...{Un}
1
m

m∑
l=1

f
(
T (xl, ul)

)
=
∫
M

f =
1
m

∑
x∈M

fi(x)

f = (f1...fn), Val{U1}...{Un} − n U1, ...Un m− 1
m

∑m
l=1 f

(
T (xl, ul)

)
.

.
.

.
.

(M,Σ, µ)− µ, A ∈ Σ, µA = 0, B ⊂ A Σ. {Bα}, Bα ∈ Σ
F ({Bα}) , Bα.

, B = {bi, i ∈ I} M, . -, A ∈ Σ C ∈ F (B), A ⊂ C,
µ(C \ A) = 0, -, x1, x2 ∈ M, x1 6= x2 i ∈ I , x1 ∈ Bi, x2 /∈ Bi x2 ∈ Bi,
x1 /∈ Bi.

B = {Bi} ei = ±1. B(ei)
i = Bi, ei = 1, B(ei)

i = M \Bi, ei = −1.
{ei, i ∈ I}

⋂
i∈I B

ei
i . .

(M,Σ, µ) B,
⋂
i∈I B

ei
i .

, (M,Σ, µ) (mod0) B, M 1 (M̄, Σ̄, µ̄) B̄ = {B̄i, i ∈ I},
B̄i
⋂
M = Bi i ∈ I.

, (mod0) , (mod0) .
(M,Σ, µ) (mod0) .

, , σ− , . .
(M,Σ, µ) ξ = {C} C, ,

⋃
C∈ξ = M.

⋃
C∈ξ = M (mod0), ξ, (mod0).

A ∈ Σ, Cξ ∈ ξ ξ.
ξ , B = {Bi, i ∈ I} ξ C1, C2 ∈ ξ i ∈ I, C1 ∈ Bi, C2 /∈ Bi

C2 ∈ Bi, C1 /∈ Bi.
, - M \ ξ M ξ .

(M,Σ, µ) - σ Σ µ , T : M →M . {ξn} M {Tn}, Tn ξn, ξn
ξn, C

(n)
j , jn = 1, ..., qn. Σ(ξn) σ− M, (mod0) ξn, ξ0 , M. ξn → ξ0,

A ∈ Σ An ∈ Σ(ξn), µ(An∆A)→ 0.

2



|ξn|− ξ , Cnj rj ≤ qn T
rj
n C

(n)
j = C

(n)
j , C

(n)
j . , T

rj
n x = x x ∈ C(n)

j ,
pn , T pn

n = Id.
. ( .)

.
T− (M,Σ, µ). x ∈M T, n ∈ Z = {1, 2, ...} Tnx = x.
T , P(T,M) - µP(T,M) = 0.
L .
1. T− (M,Σ, µ). ε > 0 n ∈ Z E ∈ Σ, E, TE, ..., Tn−1E, ,

µ
(n−1⋃
i=0

T iE
)
> 1− ε.

. .
1. n ∈ Z Fn ∈ Σ, µ(Fn) > 0, Fn, TFn, ...

Tn−1Fn .
n. n = 1 . n, , n+ 1.

, Fn F
′

n ∈ Σ, F
′

n ⊂ Fn, µ(F
′

n∆TnF
′

n) > 0. , A ∈ Σ, A ⊂ Fn
µ(A∆Tn(A)) = 0. M ∈ L, , Tn

∣∣
Fn

= Id (mod0), T. Fn+1 = F
′

n \ TnF
′

n.

Fn+1, TFn+1, ..., T
nFn+1 µ(Fn+1) > 0.

2. A,B ∈ Σ, , µ(A∆B) = 0. Fn .1 {Fαn }–Fn =
⋃
α F

α
n . , α

Fn ∈ γ.
F̂n ∈ Σ, , Fn ∈ Σ, T iFn T jFn , 0 ≤ i < j ≤ n− 1 F̂n ⊂ Fn F̂n.

T iF̂n T jF̂n 0 ≤ i < j ≤ n− 1.
3. F̂m m. x ∈ F̂m

r(x) = min{r ≥ 1 : T rx ∈ F̂m}

, m ≤ r(x) ≤ 2m− 1 x. F̂m.

G = {x ∈ F̂m|r(x) ≥ 2m}

ˆ̂
Fm = F̂m

⋃
TmG.

T i
ˆ̂
Fm T j

ˆ̂
Fm , 0 ≤ i < j ≤ m− 1 µG > 0, µ

ˆ̂
Fm > µF̂m, F̂m. µG = 0.

ˆFm,k = {x ∈ F̂m|r(x) = k}.

2m−1⋃
k=m

ˆFm,k = F̂m.

4.

M1 =
2m−1⋃
k=m

k−1⋃
i=0

T i ˆFm,k.

3



, M1 = M . , M1 . x ∈ T i ˆFm,k i < k − 1, Tx ∈ T i+1 ˆFm,k. x ∈ T k−1 ˆFm,k
Tx ∈ F̂m =

⋃2m−1
k=m

ˆFm,k ⊂M .
µ(M \M1) > 0, .1 Fm ⊂ M \M1, µFm > 0 Fm, TFm, . . . T

m−1Fm .
F̂m
⋃
Fm , F̂m , .

5. m n/m < ε

E =
2m−1⋃
k=m

⋃
i=0(modn),0≤i≤k−1

T i ˆFm,k.

, E– . , E, TE . . . Tn−1E .
n−1⋃
i=0

T iE =
2m−1⋃
k=m

pk⋃
i=0

T i ˆFm,k,

pk = max{i|0 ≤ i ≤ k − 1, i = n− 1(modn)}.
.4

2m−1⋃
k=m

k−1⋃
i=0

T i ˆFm,k = M(mod0).

k,m ≤ k ≤ 2m− 1 , .

µ(
⋃pk

i=0 T
i ˆFm,k)

µ(
⋃k−1
i=0 T

i ˆFm,k)
=
pk + 1
k

≥ k − n
k

= 1− n

k
≥ 1− n

m
> 1− ε.

,

µ(
n−1⋃
i=1

T iE) =
µ(
⋃2m−1
k=m

⋃pk

i=0 T
i ˆFm,k)

µ(
⋃2m−1
k=m

⋃k−1
i=0 T

i ˆFm,k)
=
∑2m−1
k=m µ(

⋃pk

i=0 T
i ˆFm,k)∑2m−1

k=m µ(
⋃k−1
i=0 T

i ˆFm,k)
> 1− ε.

. E ,
2n−1⋃
i=0

T iE = M.

. g(h) . T : M →M g(h), ξn → ε Tn, ξn ,∑
µ(T (Cni )∆Tn(Cni )) < g(qn), n = 1, 2 . . .

, T f(n) T Tn ξn.

2. E ∈ Σ k ∈ Z = {0, 1, 2 . . .}

µ(T kE∆T knE) ≤
k−1∑
i=0

µ(T (T inE)∆T i+1
n E).

:
µ(T kE∆T kn ) ≤ µ(T kE∆T k−1TnE) + µ(T k−1TnE∆T k−2T 2

nE) + . . .

+µ(TT k−1
n ∆T knE) =

∑k−1
i=0 µ(T (T inE∆T i+1

n E).
, .

4



. T f(n) = an| lnn, {an}– - .

: T .
n An ∈ Σ T kAn 0 ≤ k ≤ n− 1 µ(

⋃n−1
k=0 T

kAn) > 1− 1
n . Tn :

Tnx = Tx x ∈
⋃n−2
k=0 T

kAn
Tnx = T−n+1x x ∈ Tn−1An
Tnx = x x ∈M \

⋃n−1
k=0 T

kAn.
ξn. n θn → ε, kn θn , kn > 8 ln kn 2 ≤ kn < min(an, n). ξn,

M \An
An, Cr0 , T

−1Cr1 , . . . T
−n+1Crn−1 ,

Cri
, 0 ≤ i ≤ n− 1 θn. T pξn 0 ≤ p ≤ n− 1 , T pAn , ξ An, M \T pAn

.. M \ T pAn T pξn. T pAn ξn θn.
V n−1
k=0 T

kξn ξp T pAn 0 ≤ p ≤ n−1 M \
⋃n−1
p=0 T

pAn . ξn = V n−1
k=0 T

kξn.
M \

⋃n−1
k=0 T

kAn ξn θ. , ξn → ε. Tn , Tnξn = ξn.
qn ξn qn ≤ nknn + 1. n ≤ 2n − 1 ≤ knn − 1

qn ≤ n(knn + 1) ≤ (knn − 1)(knn + 1) ≤ k2n
n .

1
2n ≤

ln kn

ln qn
.

qn∑
i=1

µ(TC(n)
i ∆TnC

(n)
i ) ≤ 2µ(M \

n−2⋃
k=0

T kAn) ≤ 4
n
≤ 8

ln kn
ln qn

<
kn

ln qn
<

an
ln qn

.

. Γ :

< I = {i}, (M,Σ, µ), {Ui} = Ui, T (x, u), f = {fi}i∈I , Si = {λi}, S, P, F > .

I– (), (M,Σ, µ)– . Ui– i ( x ∈M). T (x, u)– M , u, F– M . Si– i.
S– Γ. P : S → F–, s ∈ S T M . fi– i; fi : M → R1.

Γ . i ∈ I εi si , ε = infi∈I εi > 0 s = {si} ∈ S. P P (s) = T ∈ F .
Tε, T ε. i Γ ψi = (εi, si). ” ”– Cεj ξε M , Tε. i ””∫
Cε

j

fidµ = fεj .

() i ”” Tε

Fi(ψ) = lim
m→∞

1
m

∞∑
m=0

∫
Tm

ε (Cε
j0

)

fi(Tmε (Cεj0))dµ (∗)

2. M , T , ξ, ε > 0 Tε (*) ,

Fi(ψ) =
∫
M

fidµ.

. ξ.

5



1. Γ I, fi, P εi .

. . :

2. ( ) ε > 0 l, l ε-, ε > 0.
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